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COMPLEXITY OF SIMPLE MODULES OVER THE LIE
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Abstract. The complexity of a module is the rate of growth of the minimal projective
resolution of the module while the z-complexity is the rate of growth of the number of
indecomposable summands at each step in the resolution. Let g “ osppk|2q (k ą 2) be
the type II orthosymplectic Lie superalgebra of types B or D. In this paper, we compute
the complexity and the z-complexity of the simple finite-dimensional g-supermodules. We
then give these complexities certain geometric interpretations using support and associated
varieties.
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1. Introduction
The complexity of a module over a finite group was first introduced by Alperin [1]. The
complexity of a module (cf. Subsection 2.2) is the rate of growth of a minimal projective
resolution of the module. In [5], Carlson introduced support varieties of modules over
group algebras which were then used to give a geometric interpretation of the complexity.
In particular, the dimension of the support variety of the module is equal to the complexity.
This work was extended to Lie superalgebras in [2] where the authors computed the com-
plexity of the simple and Kac modules over the general linear Lie superalgebra g “ glpm|nq
of type A. Their work was carried in the category of finite-dimensional g-supermodules
which are completely reducible over the even part g0¯. Let F denote this category (see
[3, 4]). The authors in [3] showed that, for any basic classical Lie superalgebra g, F has
enough projective modules and it satisfies: piq it is a self-injective category and piiq ev-
ery module in this category admits a projective resolution which has a polynomial rate of
growth. For a module M P F , let cF pMq denote the complexity of M . It was shown in
[3, Theorem 2.5.1] that the complexity is always finite in classical Lie superalgebras. It is
also important to mention that complexity detects projectivity. In particular, by [3, Corol-
lary 2.7.1], cF pMq “ 0 if and only if M is projective. We can look at complexity as a tool
of measuring how far the module is from being projective.
In addition to computing the complexity of simple and Kac modules over glpm|nq in
[2], the authors interpreted their computations geometrically using two types of varieties.
Explicitly, if XM denotes the associated variety defined by Duflo and Serganova [7], and
Vpg,g0¯q
pMq is the support variety as defined in [4], then:
cF pXpλqq “ dimXXpλq ` dimVpg,g0¯qpXpλqq, (1.0.1)
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where Xpλq is a Kac or a simple glpm|nq-module.
In [10], the author computed the complexity of the simple and the Kac modules over the
orthosymplectic Lie superalgebra ospp2|2nq of type C. These computations were interpreted
geometrically as in (1.0.1). It is important to note that both types A and C are type I Lie
superalgebras and hence similar results were expected. However, it was shown in [10] that
simple modules satisfy (1.0.1) for the type II Lie superalgebras: ospp3|2q, and the three
exceptional ones Dp2, 1;αq, Gp3q, and F p4q.
In this paper we compute the complexity of the simple modules over the orthosymplectic
Lie superalgebras osppk|2q (k ą 2) of types B and D. We show in Theorem 3.0.2 that the
complexity of the atypical (cf. Subsection 2.6) simple modules is k`1. Then we verify that
(1.0.1) holds in both types.
Moreover, we compute the z-complexity of simple modules over osppk|2q (k ą 2). The
z-complexity of modules was introduced in [2, Section 9] and will be denoted by zF p´q.
In [2] the authors computed this categorical invariant for the simple and the Kac modules
over glpm|nq and then used a detecting subsuperalgebra f to interpret their computations
geometrically. The same was done for the Lie superalgebras ospp2|2nq, ospp3|2q, Dp2, 1;αq,
Gp3q, and F p4q in [10]. We carry these computations over osppk|2q and conclude in Theo-
rem 4.0.2 that if Lpλq is a simple module, we have:
zF pLpλqq “ dimVpf,f0¯qpLpλqq. (1.0.2)
The organization of the paper goes as follows. In Section 2, we give brief preliminaries for
classical Lie superalgebras and their representations. We also provide brief definitions for
the complexity, support and associated variety, and z-complexity of modules. In Section 3,
we compute the complexity of the simple modules over osppk|2q for k ą 2 and show that
(1.0.1) holds. In Section 4, we compute the z-complexity of the same family of modules and
show (1.0.2) holds.
2. Preliminaries
In this section we present some preliminary material on Lie superalgebras. We also give
brief definitions for the complexity, z-complexity, support and associated varieties. Then
we shift our focus to the Lie superalgebra osppk|2q and we provide a set of technical tools
that will be used in our computations.
2.1. Lie superalgebras and representations. We will mainly use the same notations
and conventions from [10] and [16]. We will work over the complex numbers C throughout
this paper.
A Lie superalgebra g is Z2-graded vector space g “ g0¯ ‘ g1¯ with a bracket operation
r , s : g b g Ñ g which preserves the Z2-grading and satisfies graded versions of the usual
Lie bracket axioms. The subspace g0¯ is a Lie algebra under the bracket and g1¯ is a g0¯-
module. If g has a Z-grading g “ g´1 ‘ g0 ‘ g1 which is compatible with the Z2-grading,
then g is a type I Lie superalgebra. If g “
Ài“2
i“´2 gi as a Z-graded Lie superalgebra with
g0¯ “ g´2 ‘ g0‘ g2 and g1¯ “ g´1 ‘ g1, then it is of type II. If there is a connected reductive
algebraic group G0¯ such that LiepG0¯q “ g0¯, and an action of G0¯ on g1¯ which differentiates to
the adjoint action of g0¯ on g1¯, then g is called classical. Moreover, if it has a nondegenerate
2
invariant supersymmetric even bilinear form, then g is called basic. For our purposes, the
Lie superalgebra osppk|2q (k ą 2) is a type II basic classical Lie superalgebra (See [12]).
The category of g-supermodules is described in [2] but we give a brief definition. Let
Upgq be the universal enveloping superalgebra. The objects in the aforementioned category
are all left Upgq-modules which are Z2-graded vector spaces M “ M0¯ ‘ M1¯ satisfying
UpgqrMs Ď Mr`s for all r, s P Z2. For g “ osppk|2q (k ą 2), we only consider the full
subcategory, F (as in [3, 4]), of all finite-dimensional g-supermodules. Note that these are
completely reducible over g0¯ since g0¯ is semisimple and hence this aligns with the work
done in [2] and [10]. For simplicity, we will from now on use the term “module” with the
understanding that the prefix “super” is implicit.
2.2. Complexity. (See [2, Section 2.2].)
Let V. “ tVt | t P Nu be a sequence of finite-dimensional C-vector spaces. The rate of
growth of V., rpV.q, is the smallest nonnegative integer c such that there exists a constant
C ą 0 with dimVt ď C ¨ t
c´1 for all t. If no such integer c exists, then V. is said to have an
infinite rate of growth.
Let M P F and P.։M be a minimal projective resolution of M . The complexity of M
is defined to be cF pMq :“ rpP.q. It was shown in [3, Theorem 2.5.1] that the complexity is
always finite, in particular, cF pMq ď dim g1¯. In addition, one can use the rate of growth of
extension groups in F to compute the complexity (See [3, Proposition 2.8.1]):
cF pMq “ r
´
Ext‚pg,g0¯qpM,
à
SdimP pSqq
¯
, (2.2.1)
where the sum is over all the simple modules S P F , and P pSq is the projective cover of S.
Here and elsewhere, we write Ext‚pg,g0¯q
pM,Nq for the relative cohomology for the pair pg, g0¯q
as introduced in [4, Section 2.3]. In this paper, this characterization of the complexity will
not be used in computations. However, it shows that the complexity of a module is not a
categorical invariant.
2.3. z-complexity. (See [2, Section 9].)
The above problem of invariance can be fixed by removing the dimensions of the projective
covers from (2.2.1). This gives the z-complexity of M P F :
zF pMq :“ r
´
Ext‚pg,g0¯qpM,
à
Sq
¯
, (2.3.1)
where the direct sum runs over all simple modules S P F . This shows that, unlike complex-
ity, zF p´q has the advantage of being invariant under category equivalences.
Once again, (2.3.1) will not be used for the purpose of computing the z-complexity.
However, if P.։M is a minimal projective resolution of M , define spP.q to be the rate of
growth of the number of indecomposable summands at each step in the resolution. Then
we can see that zF pMq “ spP.q.
2.4. Support and associated varieties. (See [4, Section 6], [7, Section 2].)
These varieties will be used to give geometric interpretations of the complexity and the
z-complexity. We only provide brief definitions.
Let R “ H‚pg, g0¯;Cq be the cohomology ring of g and let M P F . According to [4,
Theorem 2.7], Ext‚
F
pM,Mq is a finitely generated R-module. Set J :“ AnnRpExt
‚
F
pM,Mqq.
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The support variety of M is defined by
Vpg,g0¯q
pMq :“MaxSpecpR{Jq.
Now let X be the cone of odd self-commuting elements, that is, X “ tx P g1¯ | rx, xs “ 0u.
If M P F , then Duflo and Serganova [7] defined the associated variety of M which is
equivalent to:
XM “ tx P X |M is not projective as a Upxxyq-moduleu Y t0u,
where Upxxyq denotes the enveloping algebra of the Lie superalgebra generated by x.
2.5. Lie superalgebra osppk|2q. We denote by g the orthosymplectic Lie superalgebra
osppk|2q where k ą 2. The matrix form of these Lie superalgebras is given in [12]. Note
that when k “ 2, g is the type I Lie superalgebra ospp2|2q of type C which was handled in
[10]. The case k “ 3 was also handled in [10]. Thus we can assume k ě 4. If k “ 2m, we
have the Lie superalgebra Dpm, 1q where g0¯ – sopkq‘ sl2 is of type Dm‘A1. If k “ 2m`1
we have the Lie superalgebra Bpm, 1q where g0¯ – sopkq ‘ sl2 is of type Bm ‘ A1. In
both cases, g1¯ is isomorphic, as a g0¯-module, to the outer tensor product of the natural
representations of sopkq and sl2 and thus dim g1¯ “ 2k.
The Cartan subalgebra h will be chosen to be the set of diagonal matrices. Let h˚ denote
the dual of the Cartan subalgebra with basis tδ, εi | 1 ď i ď mu. It has a bilinear form
defined by
pδ, δq “ ´1, pδ, εiq “ 0, pεi, εjq “ δi,j for all 1 ď i, j ď m. (2.5.1)
The set of simple roots is given by:
∆ “
#
tδ ´ ε1, εm´1 ` εm, εi ´ εi`1, | 1 ď i ď m´ 1u if k “ 2m,
tδ ´ ε1, εm, εi ´ εi`1, | 1 ď i ď m´ 1u if k “ 2m` 1.
(2.5.2)
Let Φ` be the set of positive roots. The set of positive even and odd roots are given
respectively:
Φ`
0¯
“ t2δ, εi ˘ εj | 1 ď i ‰ j ď mu, Φ
`
1¯
“ tδ ˘ εi | 1 ď i ď mu if k “ 2m, (2.5.3)
Φ`
0¯
“ t2δ, εi, εi˘ εj | 1 ď i ‰ j ď mu, Φ
`
1¯
“ tδ, δ˘ εi | 1 ď i ď mu if k “ 2m` 1. (2.5.4)
For α P Φ`, we let eα and e´α to be respectively the positive and negative root vectors
as defined in [16, Section 2]. Let g˘2 “ Ce˘2δ, g˘1 be the C-span of te˘α |α P Φ
`
1¯
u, and
g0 “ sopkq‘C whose set of positive roots is Φ
`
0
“ Φ`
0¯
zt2δu. We then have g “
Ài“2
i“´2 gi as
a Z2-consistent Z-graded Lie superalgebra which shows that g is a type II Lie superalgebra.
A weight λ “ λ0δ `
řm
i“1 λiεi P h
˚ will be written as pλ0|λ1, . . . , λmq where λi will be
called the i-th coordinate of λ. Let ρ “ ρ0¯ ´ ρ1¯ where ρ0¯ is half the sum of positive even
roots and ρ1¯ is half the sum of positive odd roots. Let s “ 1 if k “ 2m and s “
1
2
if
k “ 2m` 1. Then by [16, equation 2.1], we have:
ρ “ ps´m|m´s, . . . , 1´sq, ρ1¯ “ pm`1´s|0, . . . , 0q, ρ0¯ “ p1|m´s, . . . , 1´sq. (2.5.5)
In many occasions throughout this paper, we will use the following notation for a ρ-
translated weight:
λ˜ “ λ` ρ “ pλ˜0|λ˜1, . . . , λ˜mq.
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Let W0 be the Weyl group of g0. In particular, W0 is the Weyl group of sopmq and hence
it is a semi-direct product of the symmetric group Sm and m-copies of Z2 which acts on a
weight λ by permuting the coordinates and also changing their signs (the number of sign
changes must be in 2sZ`). The Weyl group of g is W :“ W0 ˆ Z2 where the nontrivial
element of Z2 changes the sign of the coordinate λ0 when acting on a weight λ. The Weyl
group acts on h˚ by the dot action: w ¨ λ “ wpλ` ρq ´ ρ for w PW and λ P h˚. Since ρ1¯ is
W0-invariant, then w ¨ λ “ wpλ` ρ0¯q ´ ρ0¯ for w P W0.
Integral dominant weights are described in [16]. A weight λ P h˚ is:
‚ integral if λ0 P Z and λi P Z or λi P s` Z,
‚ regular if it is integral and |λ˜1|, . . . , |λ˜m| are distinct,
‚ integral g0-dominant if it is integral and: λ1 ě ¨ ¨ ¨ ě λm´1 ě |λm| and further, λm ě
0 if k “ 2m` 1,
‚ integral g-dominant if it is integral g0-dominant and: l “ λ0 P Z`, and if 0 ď l ď
m´ 1, then λl`1 “ λl`2 “ ¨ ¨ ¨ “ λm “ 0.
Denote by P 0` and P` the sets of integral g0-dominant and g-dominant weights respectively.
For λ P P 0`, the finite-dimensional irreducible g0-module of highest weight λ will be denoted
by L0λ. We can then extend it to a g0 ‘ g1 ‘ g2-module by making pg1 ‘ g2qL
0
λ “ 0. Then
the generalised Verma module Vλ (as defined in [16]) is the induced module
Vλ “ Ind
g
g0‘g1‘g2 L
0
λ – Upg´1 ‘ g´2q bC L
0
λ.
Denote by Lpλq the unique irreducible quotient module of Vλ. It was shown in [12] that
dimLpλq ă 8 if and only if λ P P`, thus P` indexes all simple modules in F .
2.6. Atypicality. One of the important tools in studying representations of Lie superalge-
bras is atypicality. For a full definition, we refer the reader to [4, Subsection 7.2]. However,
we give the definition in the case of osppk|2q. A weight λ P P 0` is atypical with atypical
root γ “ δ ˘ εl if λ˜0 “ ˘λ˜l for some 1 ď l ď m. In this case, we define the atypicality of λ,
atyppλq, to be one. Otherwise, it is called typical with atyppλq “ 0.
We say a simple g-module Lpλq of highest weight λ is atypical (typical) if λ is atypical
(typical). Thus we define atyppLpλqq :“ atyppλq. It is known that the atypicality is the
same for all simple modules in a given block. Hence it makes sense to refer to the atypicality
of a block.
Moreover, if P pλq is the projective cover of Lpλq, then by [13, Theorem 1] we know that
P pλq “ Lpλq if atyppλq “ 0, hence Lpλq has zero complexity and z-complexity. This means
that we only need to compute the complexity and z-complexity of atypical simple modules.
In the following, we make two important remarks on atypical weights:
Remark 2.6.1. In case λ˜0 “ λ˜l “ 0 (this can only happen when k “ 2m), both roots
γ˘ “ δ ˘ εl are atypical roots of λ. In this case, we always choose γ “ δ ´ εl. we also note
that if λ P P 0` is atypical then λi P Z for all i.
For atypical λ P P 0`, define the atypical type of λ by λ¯ “ p|λ˜1|, . . . , |λ˜l´1|, |λ˜l`1|, . . . , |λ˜m|q.
We will also make use of the following set Spλ¯q “ t|λ˜i| : i ‰ 0, lu.
2.7. Tools. The description of the projective covers of the simple modules given in [6]
utilizes the notation developed in [16]. In the following, we recall how this notation is
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developed. First, we note that every regular weight λ P h˚ is W0-conjugate under the dot
action to a unique integral g0-dominant weight, which will be denoted by λ
`. For a weight
λ P P 0` with atypical type λ¯ and atypical root γ “ δ˘ εl, the authors in [16] defined λ
pand
λq using the following procedure. The first step is to find the smallest positive integers a˘
such that |λ˜l ˘ a˘| R Spλ¯q if γ “ δ ` εl and |λ˜l ¯ a˘| R Spλ¯q if γ “ δ ´ εl. Then
λp“ pλ` a`γq` and λq“ pλ´ a´γq`. (2.7.1)
A couple of examples are given in [16] to show how to compute λp and λq. In the following,
a few more notations are recalled from [16]. We assume that λ¯ is a fixed atypical type such
that its coordinates λ˜1, . . . , λ˜m satisfy |λ˜1| ą ¨ ¨ ¨ ą |λ˜m´1| ě 0.
Definition 2.7.1. (See [16, Definition 2.9])
Let j be the smallest non-negative integer such that a :“ j ` 1´ s R Spλ¯q. Define λp0q byĄλp0q “ λp0q ` ρ “ p´a|λ˜1, λ˜2, . . . , λ˜m´1´j , a, λ˜m`1´j , . . . , λ˜mq,
where we have re-labeled λ˜m´j , . . . , λ˜m´1 by λ˜m`1´j , . . . , λ˜m.
We will also utilize the weights λpiq for i P Z which are defined as follows:
Definition 2.7.2. (See [16, Definition 2.9])
If k “ 2m` 1 or k “ 2m with 0 P Spλq, define λpiq (i ě 1) inductively by:
λpiq “
`
λpi´1q
p˘
, λp´iq “
`
λp1´iq
q˘
.
We compute these weights for the weight λ “ p0|0, . . . , 0q:
Lemma 2.7.3. Let λ “ p0|0, . . . , 0q, then λp0q “ λ. For i ě 1:
λpiq “ pk ` i´ 3|i´ 1, 0, . . . , 0q, λp´iq “ p´i|i, 0, . . . , 0q.
Proof. Consider the case k “ 2m. The atypical type of λ is Spλ¯q “ tm´ 2,m´ 3, . . . , 1, 0u.
To compute λpwe use γ “ δ´ε1, a` “ 2m´2, and the Weyl group element, ω, that changes
the signs of the first and the last coordinates (i “ 1,m). Then
λp“ ω ¨ pm´ 1| ´m` 1,m´ 2, . . . , 1, 0q ´ p1´m|m´ 1,m´ 2, . . . , 1, 0q
“ p2m´ 2|0, . . . , 0q.
Similarly, we use a´ “ 1 to find λ
q “ p´1|1, 0, . . . , 0q. Since a “ j “ m ´ 1 (in defini-
tion 2.7.1), we have λp0q “ λ. Thus, λp1q “ λp and λp´1q “ λq. An inductive approach can
prove the result for i ą 1 by using a` “ a´ “ 1. When k “ 2m` 1, we use j “ m´ 1 and
a “ m ´ 1{2 to show that λp0q “ λ. To find λp˘1q, we use a` “ 2m ´ 1 and a´ “ 1. For
λp˘iq (i ą 1), we use a` “ a´ “ 1. 
2.8. Blocks. It was shown in [9] that every atypical block in F for osppk|2q is equivalent
to an atypical block in ospp3|2q if k is odd, or ospp4|2q or ospp2|2q if k is even. As stated in
[6, Lemma 11.1], if k “ 2m`1 the quiver diagram of the block Fχ, for χ an atypical central
character, is equal to the Dynkin diagram of type D8. However if k “ 2m, the quiver
diagram of Fχ is either equal to the Dynkin diagram of type D8 or of type A
8
8. Moreover,
by [6, Lemma 11.2], if the quiver diagram of Fχ is of type D8, the integral dominant weights
corresponding to Fχ are tλ
p0q, λp1q, λp2q, λp3q, . . . u. However, if the quiver diagram of Fχ is of
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type A88, the integral dominant weights corresponding to Fχ are tλ
p0q
´ “ λ
p0q
` , λ
p1q
˘ , λ
p2q
˘ , . . . u.
These weights are defined in [16] and will only be used slightly in this paper and hence we
omit their definitions.
In the following we combined [6, Lemma 11.2] and [6, Proposition 11.3] to get a description
of the radical structure of the projective covers.
Lemma 2.8.1. If λ is in a block Fχ with a quiver diagram of type D8, the projective
indecomposable modules P pλpiqq (i “ 0, 1, 2 and i ě 3) have the following respective radical
layer structure:
Lpλp0qq Lpλp1qq Lpλp2qq Lpλpiqq
Lpλp2qq Lpλp2qq Lpλp0qq Lpλp1qq Lpλp3qq Lpλpi´1qq Lpλpi`1qq pi ě 3q.
Lpλp0qq Lpλp1qq Lpλp2qq Lpλpiqq
If λ is in a block Fχ with a quiver diagram of type A
8
8, the projective indecomposable
modules P pλ
p0q
` q and P pλ
piq
˘ q (i ě 1) have the following respective radical layer structure:
Lpλ
p0q
` q Lpλ
piq
˘ q
Lpλ
p1q
` q Lpλ
p1q
´ q Lpλ
pi´1q
˘ q Lpλ
pi`1q
˘ q pi ě 1q.
Lpλ
p0q
` q Lpλ
piq
˘ q
3. Computing the complexity
In this section we compute the complexity of atypical simple osppk|2q-modules. Recall
that typical simple modules over osppk|2q have zero complexity since they are projective.
The key idea is to compute the complexity of the trivial module and utilize [14, The-
orem 4.1.1] to find the complexity of other atypical simple modules. To perform these
computations for the trivial module, we first find certain bounds on the dimension of the
simple sopkq-module Lpr, 0, . . . , 0q where r is a positive integer (see P 0` in 2.5).
Lemma 3.0.1. There are positive constants C and C 1 that depend only on k such that
Crk´2 ď dimLpr, 0, . . . , 0q ď C 1rk´2.
Proof. Consider the case k “ 2m. Let ρsopkq be half the sum of the positive roots Φ
`
sopkq
in sopkq, then ρsopkq “ pm ´ 1,m ´ 2, . . . , 2, 1q. By the Weyl-dimension formula ([11,
Section 24.3]) we have:
dimLpr, 0, . . . , 0q “
śm
j“2pr ` j ´ 1qp2m ` r ´ j ´ 1q
ś
1ăiăjďmpj ´ iqp2m´ i´ jqś
αPΦ`
sopkq
pρsopkq, αq
,
thus
dimLpr, 0, . . . , 0q “ C1 ¨
mź
j“2
pr ` j ´ 1qp2m ` r ´ j ´ 1q
where C1 is a constant that depends only onm (and hence only on k). Then dimLpr, 0, . . . , 0q
is a polynomial in r of degree 2m ´ 2 with a positive leading coefficient. In fact, since
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2 ď j ď m, we get
C1pr ` 1q
m´1pm` r ´ 1qm´1 ď dimLpr, 0, . . . , 0q ď C1pm` r ´ 1q
m´1p2m` r ´ 3qm´1,
which can be used to show
C ¨ r2m´2 ď dimLpr, 0, . . . , 0q ď C 1 ¨ r2m´2,
where C and C 1 are positive constants depending only on k. The proof is similar when
k “ 2m` 1. 
This will play a key role in finding the complexity of the atypical simple modules over
osppk|2q when k ą 2:
Theorem 3.0.2. For atypical λ P P`, cF pLpλqq “ k ` 1.
Proof. First, we will find the complexity of the trivial (atypical) module C “ Lp0|0, . . . , 0q.
The weight λ “ p0|0, . . . , 0q is in the block with a quiver diagram of type D8. The pro-
jective covers in Lemma 2.8.1 have the same structure as those over ospp3|2q (see [8, Theo-
rem 2.1.1]), hence we use the same minimal projective resolution of Lp0|0, . . . , 0q from [10,
Theorem 6.5.1]. It is given by:
¨ ¨ ¨ Ñ Pd Ñ ¨ ¨ ¨ Ñ P0 “ P pλ
p0qq Ñ CÑ 0, (3.0.1)
where the dth term, d ě 1, in this resolution is given by:
Pd “
$’&’%
P pλpd`1qq ‘ P pλpd´1qq ‘ ¨ ¨ ¨ ‘ P pλp2qq if d is odd,
P pλpd`1qq ‘ P pλpd´1qq ‘ ¨ ¨ ¨ ‘ P pλp3qq ‘ P pλp0qq if d ” 0 mod 4,
P pλpd`1qq ‘ P pλpd´1qq ‘ ¨ ¨ ¨ ‘ P pλp3qq ‘ P pλp1qq if d ” 2 mod 4.
(3.0.2)
By using Lemma 2.7.3, a simple g0¯-module with weight λ
piq is of the form: V pk ` i´ 3q b
Lpi ´ 1, 0, . . . , 0q where the first module is the sl2-module of dimension k ` i ´ 2 and the
second one is the sopkq-module whose dimension is bounded by Lemma 3.0.1. Thus for
i ě 1,
Cpk ` i´ 2q ¨ pi´ 1qk´2 ď dimV pk ` i´ 3q b Lpi´ 1, 0, . . . , 0q ď C 1pk ` i´ 2q ¨ pi´ 1qk´2.
As a g0¯-module, the simple g-module Lpµq contains a simple g0¯-module L0¯pµq as a com-
position factor. Using the discussion in [2, Subsection 5.1], we have the following bounds:
dimL0¯pµq ď dimP pµq ď 2
dim g1¯ ¨ dimL0¯pµq, (3.0.3)
thus for i ě 1,
Cpk ` i´ 2qpi ´ 1qk´2 ď dimP pλpiqq ď C 1 ¨ 2dim g1¯pk ` i´ 2qpi´ 1qk´2. (3.0.4)
which can be rewritten as:
C1 ¨ i
k´1 ď dimP pλpiqq ď C2 ¨ i
k´1, (3.0.5)
for some constants C1 and C2 that depend only on k. In each term Pd in (3.0.2), there are
either d`1
2
, d
2
` 1, or d
2
projective covers. Let Td be the indexing set for these projective
modules. Then, for d ě 3, we have pd` 1qk´1 ď dk since k ą 2, and
dimPd ď C2
ÿ
iPTd
dimP pλpiqq ď C2
d´1ÿ
i“0
dk´1 ` C2 ¨ pd` 1q
k´1 ď K2 ¨ d
k,
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for someK2 depending only on k. This upper bound can be established for d “ 1, 2 by direct
computations of dimensions. On the other hand, we note that x “ 1
2
px` xq ě 1
2
px` x´ 1q
and if t “ d
2
or d`1
2
, then t ě d
2
. Thus
dimPd ě C1
ÿ
iPTd
dimP pλpiqq ě
C1
2
d`1ÿ
i“2
ik´1 ě
C1
2
d`1ÿ
i“t
tk´1 ě K1 ¨ d
k,
for some K1 depending only on k. Hence the complexity of the trivial module is k ` 1. By
[14, Theorem 4.1.1], all simple modules of the same atypicality have the same complexity.
Thus the complexity of all atypical simple osppk|2q-modules is k ` 1. 
Next, we give the complexity a geometric interpretation as discussed earlier. We first
recall the following result on support varieties:
Proposition 3.0.3. [14, Corollary 4.4.2] For λ P P`, dimVpg,g0¯qpLpλqq “ atyppλq.
In the following, we find the dimension of the associated variety of the simple modules:
Proposition 3.0.4. For λ P P`, dimXLpλq “
#
k if atyppλq “ 1,
0 if atyppλq “ 0.
Proof. When λ is typical, Lpλq is projective, hence dimXXpλq “ 0 by [7, Theorem 3.4]. For
the rest of the proof, assume λ is atypical. [15, Corollary 2.5] implies that XLpλq “ X when
λ is atypical. Now, dimX is equal to the dimension of an irreducible component which can
be found by [7, Theorem 4.5]. By computing the dimension given in [7, Theorem 4.5] for
both cases: k “ 2m and k “ 2m` 1, we found dimX “ k, thus dimXLpλq “ k. 
Combining the computations from Theorem 3.0.2 and Propositions 3.0.3 and 3.0.4, we
conclude that:
Theorem 3.0.5. For λ P P`, cF pLpλqq “ dimXLpλq ` dimVpg,g0¯qpLpλqq.
4. Computing the z-complexity
We compute the z-complexity (cf. Subsection 2.3) of the simple modules over osppk|2q,
k ą 2. If λ is typical, the simple module Lpλq is projective and we can easily show that
zF pLpλqq “ 0.
Theorem 4.0.1. If λ is an atypical weight in P`, then zF pLpλqq “ 2.
Proof. From Lemma 2.8.1 we observed that the projective covers of simple modules in the
atypical block with quiver diagram of type D8 have the same radical structure as those
over ospp3|2q ([8, Theorem 2.1.1]). Since the z-complexity is a categorical invariant, we can
use [10, Theorem 6.7.1] to show that the z-complexity of the simple modules in that block
is 2.
On the other hand, the projective covers of simple modules in the atypical block with
quiver diagram of type A88 have the same radical structure (a diamond-shape) as those over
ospp2|2q. Thus we can use [10, Theorem 5.1.1] to show that the z-complexity of the simple
modules in that block is 2. 
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Next, we give a geometric interpretation of the z-complexity using support varieties
relative to a detecting Lie subsuperalgebra. As defined in [4], let f1¯ Ď g1¯ be the span of
the root vectors eα, fα where α “ δ ´ ε1. Set f0¯ “ rf1¯, f1¯s spanned by reα, fαs. We define a
three-dimensional subalgebra of g by
f :“ f0¯ ‘ f1¯.
The Lie superalgebra f is classical and so has a support variety theory. Furthermore, as
rf0¯, f1¯s “ 0, it follows that these varieties admit a rank variety description and, in particular,
can be identified as subvarieties of f1¯, i.e.,
Vpf,f0¯q
pMq “ Vrankf1¯ pMq “ ty P f1¯ |M is not projective as Upxyyq-moduleu Y t0u.
Using this detecting subsuperalgebra, we have the following geometric interpretation of the
z-complexity:
Theorem 4.0.2. If λ P P`, then dimVpf,f0¯qpLpλqq “ zF pLpλqq.
Proof. By [14, Theorem 4.1.1], any atypical simple module Lpλq satisfies Vpf,f0¯qpLpλqq “
Vpf,f0¯q
pCq since Lpλq and C have the same atypicality. We have, however, Vpf,f0¯qpCq “ f1¯
which gives dimVpf,f0¯qpCq “ 2. Thus,
dimVpf,f0¯qpLpλqq “ zF pLpλqq “ 2.
Now, if Lpλq is typical, then it is projective and hence, dimVpf,f0¯qpLpλqq “ zF pLpλqq “ 0. 
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